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In this paper we consider an Abelian Gauge Theory in R* equipped 
with the Minkowski metric. This theory leads to a system of equations, 
the Klein-Gordon-Maxwell equations, which provide models for the inter- 
action between the electromagnetic field and matter. A three dimensional 
vortex is a finite energy solution of these equations in which the mag- 
netic field looks like the field created by a finite solenoid. Under suitable 
assumptions, we prove the existence of vortex-solutions. 
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5 The existence proof 



1 Introduction 

Abelian gauge theories (in equipped with the Minkowski metric), provide 
models for the interaction between the electromagnetic field and matter. Actu- 
ally an Abelian gauge theory leads to a system of equations, the Klein-Gordon- 
Maxwell equations (KGM), which occurs in various physical problems (elemen- 
tary particles, superconductivity, ...); see e.g. [I1],[T^. 

The properties of the solutions of the KGM depend on the lower order term 
W (see ([2])). Actually the choice of this term determines the peculiarities of the 
various models. 

In this paper we show that a suitable choice of the term W guarantees the 
existence of finite energy vortices in three space dimensions. Roughly speaking, 
a vortex is a finite energy solution in which the magnetic field looks like the 
field created by a solenoid. 

As far as we know, the existence of vortex-solutions for Abelian gauge theo- 
ries has been studied only in the case of two space dimensions (see the pioneering 
papers [T], [Hj and the books [TT], [T3], [S], [H] with their references). Clearly 
the two dimensional vortices in the xi, X2 plane can be extended to as con- 
stant maps in the xs-direction. Of course these solutions have infinite energy. 
We point out that, in the 2-dimensional models, the functions W that have been 
considered are of the type 

W{s) = (1-s')' 

namely double well shaped and positive functions. 

Here the lower order term which we have considered is the following one: 

W{s) is^ - — , 2 < p < 6, s > (1) 
2 p 

The KGM with the lower order term ^ has been studied in [3], [3], [5], 
H, [S]? [Si- In these papers the existence of stationary solutions having spher- 
ical symmetry has been proved. It is easy to see that the spherical symmetry 
implies that both the magnetic field and the angular momentum vanish. On 
the contrary, a vortex-solution breaks the spherical symmetry (cf. Remark [5|) , 
moreover the magnetic field and the angular momentum do non vanish. 

Since the KGM are invariant for the Lorentz group, a Lorentz transforma- 
tion of a vortex creates a travelling solitary wave. By solitary wave, we mean a 
solution of a field equation whose energy travels as a localized packet. In this re- 
spect solitary waves have a particle-like behavior (see e.g.[TT], [13]). A detailed 
discussion of solitary waves for KGM can be found in |5]. Solitary waves ob- 
tained by vortices behave as particles having a magnetic field and a kind of spin. 
When considering evolution problems relative to KGM, the request W{s) > 
seems necessary to have "good" solutions (cf. |5]). In [4|, the existence of soli- 
tary waves relative to stationary solutions having spherical symmetry has been 
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proved also for a class of functions W > 0. The existence of three dimensional 
vortices for positive W is still an open problem. 

The paper is organized as follows: In the first section we introduce the KGM- 
equations, we give a precise definition of three dimensional vortex solution and 
we state the main existence theorem. In the second section we introduce the 
functional framework. In the third and forth sections we prove the existence 
theorem. 



2 Statement of the problem 

2.1 The Klein-Gordon-Maxwell system 

Let ■(/; : M"' — > C be a complex scalar field on the space-time R^and F be a 
1- form on R"* whose coefficients Tj are in the Lie algebra of the group 
U{1) = S^, i.e. Tj = —iAj, where i is the imaginary unit and Aj (j = 0, ..,3) 
are real maps defined in R^. 

Consider the Abelian gauge theory related to ip and to T and described by 
the Lagrangian density (see e.g. [16], [Mj) 

C = Co+Ci-W{\^\) (2) 

where 



1 1 

3=0 

and is a real C^-function . Here 
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1=0 ^ ' 

denotes the Weyl covariant differential and (•, •) denotes the scalar product 
between forms with respect the Minkowski metric in R*. 
Since Aj are real maps, 

(IaA = dA - iA a a = dA 

Now we set 

A= (Ai, A2, ^3) and (f> = -Aq 

If we set t = —xq and x — (xi, X2, X3) and use vector notation, the Lagrangian 
densities Cq,Ci can be written as follows 



|(at + z0)V'l'-|(V-*A)V|' . (3) 
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Here Vx and V denote respectively the curl and the gradient operators with 
respect the x variable and dt denotes the derivative with respect to t variable. 

Observe that £i is the Maxwell Lagrangian density of the electromagnetic 
field 

E = -dtA - V0, H =V X A 
Now consider the total action of the Abelian gauge theory 

S= I {Co + Ci~WM))dxdt (4) 



Making the variation of S with respect to tp, cj) and A we get the system of 
equations 

{dt + t<l>fij-{W-iAfij + w'm)^^0 (5) 

m 

V-(5tA + V^)= (^Im^ + 0^ IV^I' (6) 

V X (V X A) + a* {dtA + V0) = (^Im " IV'l' (7) 

Here V- denotes the divergence operator. We recall that these equations are 
gauge invariant i.e. if V', A, (j) solve (O, ([6|), then also e'^-iA, A+Vx, 4> — dtX 
(with X G (1^^)) solve the same equations. 

2.2 Stationary solutions and vortices 

We look for stationary solutions of (O, ([6]), (O, namely solutions of the form 



27rZ 

dtA - 0, dtcj> = 
A stationary solution solves the following set of equations: 

- Au+ [iVS*- A|^ - u + W'{u) = Q (8) 

-V - [{VS-A)u^] =0 (9) 

- A0 = (tj - (/)) (10) 

V X (V X A) = (VS"- A)u2 (11) 

Observe that equation ^ easily follows from equation (fTTj) . Then we are re- 
duced to study the system ([5]), pH)) . Clearly when u = 0, the only finite 
energy gauge potentials which solve (fTU|) . are the trivial ones A — Q, (f) = Q. 
It is possible to have three types of stationary non trivial solutions: 

• electrostatic solutions: A = 0, </) 7^ 0; 
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• magneto-static solutions: A ^ 0, <j> = 0; 



• electro-magneto-static solutions: A 7^ 0, 7^ 0. 

Under suitable assumptions, all these types of solutions exist. The existence 
and the non existence of electrostatic solutions for a system like (IHl),---> (fTU)) 
has been proved under different assumptions on W (see [3] , [4], [6], [7], [8], 
[9]). In particular the existence of radially symmetric, finite energy electrostatic 
solutions has been analyzed. 

Here we are interested in magneto-static and electro-magneto-static solu- 
tions, in particular we shall study the existence of vortices in the sense of the 
definition stated below. We set 

E = {{xi,X2,X3) e : xi = 2:2 = 0} 

and we define the map 

^ 27rZ 
9{xi,X2,X3) = Imlog(xi + 1x2). 

Since there are three equations ([8]), p^ . pT|) in the unknowns u, S, A, <j), we 
shall take S — kd {k integer) and we shall solve with respect w. A, So we 
give the following definition. A solution of Eq. ([8]), l|10p . ifTTj) is called vortex if 
ill has the following form 

i^{t, x) = u{x) ; fc e Z- {0} . (12) 

We shall see in Theorem [T] that if il> has the above form, then A and H look 
like the fields created by a finite solenoid. 

Observe that 6* e C°° (M3\I]^ _1_) and Ve e (]R''^\S,M3) , namely 

Using this ansatz equations ([5]), PH)) . pT|) become 

|/cV6i - A|^ -((/.- t^)^j w + W'{u) = (13) 

- A0 = (cj - (/)) (14) 

V X (V X A) = {kVe - A) (15) 

It can be shown (see [3]) that the energy of a solution (u, (p, A) of equations 
T3|) . ([M]) . (fT5|) has the following expression 



f = ^ / ( |Vu|' |V0|' -t- I VA|' + (|A - kVef + ujf) u']+ I Wiu) 
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2.3 The main results 

Let 

Wis) - is^ - F{s) (16) 
where F is & C"^ real function satisfying the foUowing assumptions: 

F{Q) = F'(0) = F"{0) = (17) 
There are constants c > and p with 2 < p < 6 such that 

\F'{s)\ < csP~\ s > (18) 

sF'{s) > pF{s) > for s > (19) 
Thus a typical function W satisfying our assumptions is 

W(s) = — ~ — s>0, 2<p<6. (20) 
2 p 

Moreover, for technical reasons it is useful to assume that W is defined for 
all s e M just setting 

Wis) = — for s<0 
We shall prove the following existence result for vortex solutions 



Theorem 1 Assume that the function W satisfy assumptions Ill6\) ... !ll9\) with 
2 < p < 6 and set 

a., = min(^l,y^^ 

Then for any to € i—^p, ^p) and any fc e Z the equations Jj^l ), il5\) admit 

a solution (in the sense of distributions on M.^) (u, (f>, A) with u ^ which satisfy 
the following properties: 



\Wu\'+(l + X)u^ 



dx < +00 , 



. (b) /|V0|' + |VA|' <+oo 

• (c) u>0 

• (d) there exists a real function b such that A = 

• (e) u, (j) and |A| have cylindrical symmetry, i.e. they depend only on r 
and x^ 

Moreover 

i) if Lo ^ and fc = 0, then (j) =/= and A = (electrostatic solutions). 

ii) if Lu = and fc 7^ 0, then = and A 7^ (magnetostatic vortices). 

Hi) if Lo 7^ and fc 7^ 0, then (j) ^ and A ^ ( electromagnetostatic vortices) 
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Remark 2 The properties (a) and (h) guarantee that the energy is finite. 

Remark 3 // (u, 0, A) with u ^ solves ilS\) . Jj^p , il5]) . then assertions i), 
ii), Hi) in Theorem]^ follow immediately from il4\ l, U5\). 

Remark 4 The magnetostatic vortices are the critical points of the functional 

|l\{V-^A)^\' + ^\VxAf + Wm) 

Thus, they can be interpreted as solutions of a Euclidean gauge theory in di- 
mension 3. 

Remark 5 By the presence of the term \/9 equations I113\) . ilSfl are not invari- 
ant under the 0(3) group action as it happens for the equations (0), (0), we 
started from. Indeed there is a breaking of radial symmetry and the solutions u, 
(j) and A have only a 0(1) = symmetry (see (d) and (e) in Theorem\^. 

Finally we point out that the solutions in Theorem [1] corresponding to dif- 
ferent k or different lo cannot be obtained one from the other by means of a 
smooth gauge transformation. In fact the following proposition holds 

Proposition 6 Let {ui{x) e'^^^^^^'-'^-'^^*\(t)i, Ai) anrf (m2 (a;) e*^*^^ (/)2, A2) 

be two vortex solutions with Ai) , ((/)2, A2) £ I?^'^ x (l?^'^)^ (see (F^). As- 
sume that L02 7^ ^1 or ^2 7^ k\. Then these solutions cannot be obtained one 
from the other by means of a gauge transformation.. 

Proof. By assumption there exists a map x such that 

mix) e''('^-i«W--'i*+x) = U2{x) e^(fc2e(:^)-'^2t) (2I) 

01 - dtx = 02, Ai + Vx = A2 (22) 
then by (PT|) we have 

ui = U2, x{x, t) = (fe - fci) 9{x) - {uj2 - wi) t (23) 

from which 

dtX - t^i - ^2, Vx = (fc2 - fci) V0(x) (24) 

By ^ we get 

02 - 01 = ^^2 - i^l (25) 

A2-A1 = (fc2-fci)V0(a;) (26) 

Since (0i, Ai) , (02, A2) S V^''^ x {V^''^Y , by ^ and ^ we deduce uj2 = oJi 
and ^2 = fci and this contradicts our assumptions. ■ 
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3 The functional setting 
3.1 Weak solutions 

Let denote the usual Sobolev space with norm 



moreover we need to use also the weighted Sobolev space whose norm is 
given by 

II l|2 



Hi 



\Vu\''+i l + ^]u^ 



dx 



where r = \/ x\ x\. 

We set T) = C||f'(]R^) and we denote by T)^-"^ the completion of V with respect 
to the inner product 

{v I w)pi,2 = y Vw • Vwdx (27) 
Here and in the following the dot • will denote the Euclidean inner product in 



We set 



(28) 



Now we consider the functional 



J(u,0,A) = iy iViil' - |V0|' + |V X A|' 



\A-kVe\-{(j)-ujY W{u) (29) 



1 

+ 2 

where (u, </>, A) G H. The equations and (fT5|) are the Euler-Lagrange 

equations of the functional J. In fact the following lemma holds: 



Lemma 7 The functional J is on H. 



Proof. The variations of J with respect to u, A are respectively 



\kVe-Af-{(t>~ujf u + W'{u) 



Jj^ = VxVxA+(A- fcV6') 



(30) 

(31) 
(32) 
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We need to prove that the maps 



{u,cl>,A)eH^Ji{u,4>.^)& [h\ 

{u, </,, A) G F ^ {u, A) e ((2?i'2)3)' 
are continuous. First we show that the map 

(u,A) ^ |A|^u 



(33) 
(34) 
(35) 

(36) 



is continuous from x (D^'^)^ to the Lebesgue space hi (and therefore to 

(«')')■ 

In fact, if (u„, A„) {u,A) in x (2?^'^)^, then, by Sobolev embedding 
and Holder inequahties, we easily obtain: 



|A„|^u„ - lAl^u 



< 



|A„|^ {Un - u) 



— Il-^"ll r,6 ll'^^n ~ 'wll 1-2 + 



(|A„r-|A|^ 



|A|i| lAI 



L3 



6 < 



from which we get the conclusion. 

Analogously it can be shown that the maps 

(u,</.) &H^x ^ (j)'^u e C (ffi)' 
(u, A) e ^1 X (Di'2)3 ^ e (L« f C ((2?^'')^)' 

are continuous. Moreover it is immediate to see that the linear map 



u e 



(37) 

(38) 
(39) 

(40) 



is continuous. 
Also the map 



(u, A) G i?^ X [V^'^f uA-Ve &Li c (if^y 



(41) 



is continuous. In fact, let (u„, A„) — > (m. A) in x ('D^'^) . For all ip G i?^, 
we have that 



{unAn-ve - UA-Ve)ip 



< 
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< 



J Un (A„ - A) -VOip + j A-V6{un - u)tp 



< 



< 



\Unip\ |A„ - A| 



(u„ - u)(p\ |A| 



< 



J, J J, 

< llWnlljJl ||A„ - A||^6 + \\Un-u\\^, \\ip\\^3 ||A||^e 

from which the conclusion easily follows. 

Arguing as before it is possible to show that also the map 



(42) 



is continuous. So by the continuity of we deduce that ([55]) . and 

([55]) are continuous. ■ 

By the above lemma it follows that the critical points (u, A) e _ff of J are 
weak solutions of eq. (fT3|) . (fT4|) and (|15p. namely 



A- fcV6'|^ - w)^ + M^' (u) u = 0, Vw e (43) 



J Vcp-^'w + {(j>- uj) u^w = 0, Vw e V^^^ (44) 
y VA • VV + (A - fcV6') • V = 0, VV e {V^'^ f. (45) 



3.2 Solutions in the sense of distributions 



Since V is not contained in _ff\ a solution (u, (?!),A) G iJ of (gS]), (gil), ((45)) ) 
need not to be a solution of (fT3| . p^ . (fT5| in the sense of distributions on M^. 
In fact, since V0 (x) is singular on E, it might be that for some test function 
V E V, the integral / |A — kWd\ uv diverges, unless u is sufficiently small as 
a; ^ E. 

In this section we will show that this fact does not occur, namely the singu- 
larity is removable in the sense of the following theorem: 



Theorem 8 Let (wq, (/loi Aq) E H he a solution of {43^ , ^4^j 1^-?^ (*-e- a 
critical point of J). Then {uq, (f)a, Aq) is a solution of eq. il3\) . and U5\) 
in the sense of distribution, namely 



I 



Aa-kVei^ -{(t)o~ujf uqv + W' {uo)v ^0, yv £V (46) 

V(j)o ■ Vw + (00 - ^) ulw = 0, Vw e I? (47) 
VAo • VV + (Ao - kVe) • V = 0, VV e V^. (48) 
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Before proving Theorem [5] we need some lemmas. 
Lemma 9 Let {uq, 0o: A) be a solution of i44\ )) IT^P - Then uq (x) > 



a.e. 



Proof. Set Uq (x) = min {7io(x), 0} . Then, if in eq. (|43|l we set u = Uq , we get 



VUn 



|A-fcV6'|^-(<?!)o-a;)^ {uqY + W'{uo)uo ^ (49) 



and since W'{s) = s for s < 0, we get 



|A- feve^r + 1 



We shall show (see Lemma [T5)) that 



(50) 



< — < 1 

LU 



So, since o;^ < 1, we have {(/jq — uj) < 1. Then 



From (15011 and (ISTI) we deduce that Ur. = 0. 



(51) 



Let Xn {n positive integer) be a family of smooth functions depending only 
on r = y'' xf + X2 and X3 and which satisfy the following assumptions: 

• Xn (r,X3) = 1 for r > I 

• Xn {r,X3) = for r < i 

• \Xn {r,X3) \ < 1 

• |Vx„(r,X3)| < 2n 

• Xn+l {r,X3) > Xn {r,X3) 

Lemma 10 Let ip be a function in H with bounded support and set 
fn^y^'Xn- Then, up to a subsequence, we have that 

tfn ^ f weakly in 

Proof. Clearly ipn ^ a.e. Then, by standard arguments, the conclusion holds 
if we show that {^n\ is bounded in . Clearly {(pn\ is bounded in L^ . Let us 
now prove that 



|V^„| 



is bounded 
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We have 



where 

= {x e : 7^ and |Vx„ (r, z)| 7^ O} 
By our construction, jr^j < c/n^ where c depends only on ip. Thus 

y iv^„i' < 2 y iv^i' + 2 ii^ii^^ y ivx„i' 

<2 y iv^lV 211^11^^ • |r,| • iivxnilioo 

<2 y |Vv5|V8c||^||2^ 
Thus, (p„ is bounded in and (pn — > "yS weakly in . 



Now we are ready to prove Theorem |8] 
Proof. Clearly (gTl) and (gH) immediately follows by ([44]) and (gS]). Let us 
prove (gS)) . We take any v ^ T> and set (/?„ = w"^Xn- Then taking (p„ as test 
function in Eq. (^5]) . we have 



Vmo • Vv?„ + [|Ao - fcV6'|^ - (00 - cj)^J wo¥>„ + W (uo) (/3„ = (52) 

Equation ([5^ can be written as follows 

A„ + B„ + C7„ + = (53) 

where 

An = J Vuo • V^„, B„ = y (a^Uo - ((/)o - Ujf Uo + W (uq)) (54) 

C„ = -2y Ao • ^6* uo(p„, A. = y |fcV6'|%o<Pn (55) 

By Lemma [TU] 

weakly in (56) 

Then we have 

An ^ [vuo-yv+ (57) 
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< oo 



Now 

Then, using again (|56p and by the embedding C L^, we have 
B„ ^ J (a^uo - (00 - ujf uo + W (mo)) 
Now we shall prove that 

Cn ^ -2 J Aq ■ k\/0 uqv^ < oo 
Set 

C = BrX [-1,1] , Bb = {{xi,X2) eR^ -.r^ ^xl+xl< R} 

where I, R> are so large that the cylinder C contains the support of 
Then 



(58) 



(59) 



^]^dx^ 



< Cl 



V Xn 

r 

I rR 



I Jo 



dx 



- rdrdxs = M < oo 
r . 



3 

where ci — 27rsup (w+)^ . By ()61|1 we have 
y" |Ao • V6' wo<^„| < ||woAo 11^ ^ 



L2 



< \\uqAo LsMs 



(60) 
(61) 

(62) 



Now 



|Ao • V0 uo(pn\ — > Aq • V0 itQU'*' a.e. in . 



and the sequence {|Ao • W9 UQ(pn\} is monotone . Then, by the monotone con- 
vergence theorem, we get 



/|Ao.fcV..o^„|dx->/|Ao.fcV^.o.1rfx 
By dnH) and §^ we deduce that 

J |Ao • fcV0 Mo^^l dx < oo 



(63) 



(64) 



Then, since 



|Ao • V6' UQipnl < |Ao • V9 -uqw+I G 
by the dominated convergence Theorem, we get (j59p . Finally we prove that 



(65) 
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By (1121), (EZl), dSSl) and (IMl) we have that 

Dn = j |fcV6'|^uo'Pn is bounded 



(66) 



Moreover, by Lemma[5], uq > 0. Then the sequence \V9^ UQipn is monotone and 
it converges a.e. to |V0| uqv'^ . Then, by the monotone convergence theorem, 
we get 



|fcV6'|^ UQipndx / jfeV^I^ UfjV^dx 



(67) 



By dee]) and ^ we get ((65)) . 

Taking the hmit in ^ and by using dSS]), dMl), dSS]) we have 



Taking Lpn = v Xn and arguing in the same way as before, we get 



Then 



/cV^I^ - (00 - t^)^ uoi'" + M^' (wo) 



\Ao--k^e\^ -{(jia-uf uqv + W' {uq)v = 0. 



Since w e P is arbitrary, we get that equation (1^5)) is solved. 



4 The natural constraints 

The functional J presents two main difficulties: 



1) The term / |V x A| is not a Sobolev norm and it does not yield a control 
on/|VAp = ||A||^^,,.)3. 

2) The presence of the term — /|V0|^ gives to the functional J a strong 
indefiniteness, namely any critical point of J has infinite Morse index: this fact 
is a great obstacle to a direct study of its critical points. 

In order to avoid these difficulties we introduce a suitable manifold M C H 
such that: 

• the critical points of J restricted to A4 satisfy Eq. (fT5)l , (fTil) fT5)l ; namely 

is a "natural constraint" for J. 

• The components A of the elements in Ai are divergence free, then the 
term / |V x A|^ can be replaced by || A|| jpi_2-)3 = / |VA|^. 

• The fmictional / := J j^vi does not exhibit the severe indefiniteness before 
mentioned. 
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4.1 The manifold of divergence free vector fields 

We shall denote by m = u{r, x^) the maps having cyhndrical symmetry, i.e. 
those maps in R"^ which depends only from r — \J x\ + x"^ and 0:3. We set 

A {X eCo°°(K3\S,M^) : X = &(r,X3)V0; 6 G Co°° (k3\E, R) } (68) 

Let A denote the closure of ^0 with respect to the norm of {V^'Y ■ We set 

X>,. = {u e P : u = u{r, X3)} (69) 

and we shall consider the following space 

V := Hi X A (70) 

where i?^, is the closure of Vr with respect to the norm. 
We need some technical preliminaries 

Lemma 11 If A ^A, then V x V x A ^A! 

Proof. Let aVB G A, where a e (R3\E, R) , a = a (r, xz) . Then a straight 
computation shows that 

V X V X (aVe) ^ bWe (71) 

where 

^ d'^a 1 da d'^a 

Now let a„V6' be a sequence in ^0 converging in (T>^'^^^ to A e^. By continuity, 

V X V X (a„V6') converges in ((l?^-^)'^)' to V x V x A. On the other hand by 
([7T|) we have 

V X V X {anVO) = bnVe e ^0 

Then, by definition, 

Lemma 12 If A E A and u e H}:^ 

(A - V9) G A' (72) 

Proof. Set 

Vr (R^S) = {li e Co°°(R^\S) : u = M(r,X3)} 
Since u £ H}, there exists a sequence {u„} C I?r (R'^\S) such that 

u„ u in HI (73) 
Since A eA, there exists a sequence {fe„} C T)r (R'^\I]) such that 

6„Ve ^ A in (I?i'2)3 (74) 
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By ([7^ and ([75)) we deduce, following analogous arguments as those used in 
proving lemma [71 that 

(6„ - l)ulW0 = {bnV6 - Ve) ul -^{A~ V9) in {{vyf)' (75) 

Clearly 

(6„ - l)ul e Vr (R^E) (76) 
Then, by JUj), we get m 

Lemma 13 If A E A, then 

'iV X A|' = / IVAI' 



and hence 

-AA = V X V X A 

Proof. Let A =bV6 e Ao- Since b depends only on r and X3, it is easy to check 
that 

V6 • V6I = 

Since 9 is harmonic in ]R'^\I] and b has support in ]R'^\S 

6A6' = 

Then 

V • A =V • (bVe) = V6 • + &A6I = 
Thus, by continuity, we get 

J (V • A)^ = for any AeA 

J\S/xAf= y" (V • Af + y" |V X A|2 = y" IVAI^ 
and clearly 

-AA = V X V X A 



Then 
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4.2 The Gauss equation 

Equation (|14p . which wc call Gauss equation, can be written as follows 

-A(j> + u^(j) = uju^ (77) 
Lemma 14 Let u G then there exists a unique solution (f> £ D^'^ of 

Proof. _ff^(R^) is continuously embedded into L^(]R^), then clearly 

e L\R^)n L^{M.^) (78) 

and, by interpolation, we have 

M2eLi(M3) (79) 
Now consider the bilinear form 

a{(j),v)^ J {{V(t)\Vv) +u'^(t)v} dx, u,^gX>^'^ 

By (j79p we easily derive that a(0, v) is equivalent to the standard inner product 
in i g 

ci ||</'||pi,2 < a{(j>,<j>) < C2 ||(?!'|lpi,2 , ci,C2 > 
On the other hand, using again ([78|l . we have 

So there exists a unique £ T)^-^ such that 

a((/), v) ^ -uj J v^v for all v e V^ '^. 
(j) clearly solves ([77l) . ■ 



Clearly, if m G H^M.^), the solution = of (HZl) belongs to V}.-^. Then 
we can define the map 

u e H^.{^^) Z{u)= (Pu e Vl''^ solution of ([TTD (80) 

Standard arguments show that the map Z is C^. Since (j)u solves ([77| . clearly 
we have 

d^J(w,0„,A) = (81) 

For u e H'^{M.^), let $ = be the solution of the equation ([77]) with w = 1, 
then <i>„ solves the equation 

- A$„ + = (82) 

Clearly 

<^n = (83) 
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Lemma 15 For any u G 

< < 1 
Proof. By the maximum principle 

> 

Moreover, arguing by contradiction assume that there is a region Q. where > 1 
and <i>„ = 1 on 957. Clearly 

-A ($„ -l)+u^ ($„ - 1) = -A$„ + - u2 = 

Then = — 1 solves the Dirichlet problem 

-Aw + u^v = in il, w = on 

Multiplying by v and integrating in U, we get 

j (|Vu|Vw\2) da; = 

Then « = — l = 0inr2 contradicting > 1 in fi. ■ 

4.3 The reduced functional 

Now, if (u. A) e .ff^ X A, we set 

/(u,A) = J(u,Z(m),A) 



where J is defined in ([29|) . Thus / can be regarded as J restricted to the 
manifold 

M=\{u,Z{u),A):{u,A)cHlxA^ (84) 

We will refer to /(u. A) as the reduced functional. 
From (15^ we have 



j u^^udx^ j |V$„|^dx + y" u^-^ldx (85) 
Now, using lemma [T^ and Eq. we have: 

I{u, ^) = \j |V?/|' - |V0„|' + |V X A|' 

+ i y" [l A - fcV^l' - (0„ - uof'\ Jw (u) 

(|Vu|' + I VA|' + I A - kV6\^ 
- y" (|V$„|' + u2$2 + y2 _ 2^2^^^ + jw{u) 
= \j |Vu|' + |VA|' + |A - fcVei' 
+ 1 /(l-^' [l-*.])^'- 1 F{u) 
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Since < 1 and cj^ < 1, the functional I contains only one negative term 
( — / F {u)). Moreover / |VA|^ replaces the term / |V x A|^ . As a conseguence 
the functional / does not exhibit the difficulties mentioned at the beginning of 
this section. 

It can be shown also that M defined in ([M)) is a natural constraint for the 
criticizing sequences of J, namely the following theorem holds 

Theorem 16 Let (u„, A„) e H}. xA be a sequence such that y{v, V) e x A 



dl{u„, A,,)[v,V]^0 (86) 

Then, we have that 

duJ Z (u„) , A„) H ^ for all v € (87) 

d^J (un, Z (un) , A„) [w] = for all neN and w G D^'^ (88) 

dxJ (un, Z (u„) , A„) [V] ^ for all V e {D^-^f (89) 



where d„, c?^, c?a denote the partial differentials with respect to u, (f>, A. 

Proof. Using the chain rule, we have for all (u, V) e Hi x A 

dl {un, A„) [v, V] = dul (u„, A„) [v] + dj^I ( )[V] 
= duJ {un, Z (u„) , A„) [v] 

+ d^J {Un,Z (Un) ,A„) [duZ (Un) [w]] 
+ dAJ (u«, Z (Un), An) [V] 

By equation ([5T|) . 

d0j(u„,Z(u„),A„) -0 (90) 
then for aU (w, V) e x A 

dl (u„, A„) [v,Y] = duJ [un, Z (un) , A„) [v] + dp^J (u„, Z (m„) , A„) [V] 
So by ^ we have for all {v, V) e ^ x 

d„J(u„,Z(u„),A„)H ^ (91) 



dAJ{Un,Z{Un),An)[Y]^Q (92) 

Equations (^0]) . (pij) . (|92p . written explicitly take the following form 



I A„ - fcV6'|^ - {(j)n - Ojf UnV + W' (U„) D = (77„, v) 



V0„ • Vw + (0,1 — cj) u^jW = 
j VA„ • VV + (A„ - k^e) < • V = (C„, V)(^i, 
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where (v, V) e x A, w e D^ '^, 4)n = Z (u„) , ?/„ ^ in 

in [{D^^'^fX . 

rjn and ('„ have the foUowing expression: 

77„ = -AUn + [|A„ - kV0\^ - (0„ - Luf^ Un + W (u„) (93) 

C„ = -AA„ + (A„ - kVe) ul (94) 
Since the Laplace operator preserves the cyhndrical symmetry and (u„, A„) e 
il]. X we have that ?7„ g (^'■) ' Moreover, by lemma (fT2|). we have that 

Now take any (w, V) G if^ x (i?^'^) and we set 

w = wi + W2 with Ul e iJ^ , •f2 e ( h]. 



and 

V = Vi + Va with Vi e yl, V2 e 
Then, since 77„ G (tji) and W2 e {ill) , we have 

d„J (w„,Z(m„) ,A„) [u] (?7«,i'i)iji + (??«, 1^2)^1 = {■nn,Vl)fji 
So, since 0, we get 

d„ J (u„, Z (m„) , A„) [u] ^ 
Analogously it can be shown that 

dp,J{un,Z{un),An)[Y]^Q 



5 The existence proof 

For the existence proof we need to construct suitable Palais-Smale sequences 
for the functional 

I{u, ^) = \j I V^^l' + |VA|' + I A - fcV0|' u2 - y" [1 - $J + Jw (u) 

(95) 

in the space V :— H} x A. 

To simplify the notations, we set 

U = (u. A) 

\\U\\v = \W\\m + l|A||(i,i.2)3 

First we prove the existence of a Palais-Smale sequence for /, namely the 
following lemma holds 
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Lemma 17 Assume that the function W satisfies assumptions 17^) ... nVj) 
and that uj^ < 1. Then there exits a PS sequence at some level c > 0, namely a 
sequence {Un} C V such that 

I (Un) -^OO anddl ([/„) ^0 inV' 

Proof. By a variant of the well known mountain pass theorem [2] , the existence 
of a PS sequence will be guaranteed if we show that the functional ([55]) has 
the mountain pass geometry, namely if there exist a, p > and Uq Cz V with 
||?7olly > Pi such that: 

/((7)>«for |l(7|l^=p (96) 
and I{Uo) < (97) 

Let us first prove In the following Ci, ..,64 will denote positive con- 

stants. 

We have that 




Moreover by ((T7l), we have that 

/ Fiu)<^\\u\\l,<C,\\u\\l, (99) 
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For any U = {u, A) E V we have 

HU) = \j \Vu\' + I VA|2 + I A - kVe^" u^-"^ J[l-<p^]u' + Jw (u) 
(by dMl) and since > 0„ > 0) > ^ ^ |Vu|^ + |VA|^ + 

(by ®)>^(||A||^,,. -Ci||A||^,,.J 



( since < 1) > i (||A||^i,2 - Ci ||A||^i.. 



l|2 ^^2 II ||4 ^ II IIP 



2 



= i(l-Ci||A||^.,.)||A|| 



1 - Q 



Then, since cj^ < 1, there exist a,p> such that 

I{U) > a for \\U\\y = p (100) 
Let us now prove Take uq G C;5"(M3\I]) >0, uq^ 0. By HI 

i^(s) > F(l)sP, s > 0; 



then 



(iuo)> J Fil)\tuo\">C4tP (101) 



Now we have 

+2 



(since 1 > <j J (^iVuol' + dx + j J - J F (two) < 

(by (HnD)) < Cgi^ - dtP. 
Then ([97|) is satisfied if we take Uq = {tuo, 0) with t sufficiently large. ■ 

Our functional is invariant for translations in the xs-direction, namely for 
U £V and i e R we have 

linu) = liu) 
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where 



Tl{U) {xi,X2,x:>,) = U (xi,X2,x:i + L) 



As consequence of this invariance we have that a PS sequence for the functional 
/ does not contain in general a (strongly) convergent subsequence. So, in order 
to prove the existence of non trivial critical points of /, we shall use the following 
strategy: 

(i) we prove that any PS sequence (u„, A„) of the functional / is bounded 
in Hi X (I?i'2)3 

(ii) we prove that there exists a PS sequence (u„, A„) whose weak limit 
(uq, Aq) gives rise to a non trivial critical point (uq, ipuoi Aq) of J. 

Lemma 18 Assume that the function W satisfies assumptions hlb]) ... hl9\) 
and assume that uj^ < min(l, ^^)- Let {Un} = {{un, A„)} C H^: x A be a PS 
sequence for the functional I . Then {Un} is bounded in x (l?^'^)^. 

Proof. Since {(u„, A„)} C 1^ is a PS sequence for /, we have 

d/ ([/„)= 77„ ^ in (102) 

and 



From pM]) we get 



where 



|A„ - kVOY 



I{U„)^Cn^C (103) 



ijf ul + W {Un)Un = {71n,Un) (104) 



(t)n = W$u„ 

The expression (I103P can be written 



|Vu,/ + |VA„|' + |A„ - kvef ul - i 



Multiplying (|104p by ^ and subtracting from p05p we have 



'{uj ~ (\)n\u\ + \ W (u„) = c„ 

(105) 



1 1 
2 



Vm„|^ + |A„ - k\Idf ul) dx 



1 1 



|VA„| 



(w{Un) - -W (Un) Un + - {(pn " - ^-U! [uj - 0„] ) dx 

\ P P 2 / 



(106) 
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Now 



W K) - -W (u„) w„ + - (0„ - ojY < - -w - 0„] < = (by (HH)) 
P P 2 

\--]ul + -F' (u„) M„ - K) + 
2 pj p 

-^G4)<+G-^)^-< (107) 

> (by C3 > - I) ul+.^ (1 - i) .f, + (i - ^) </>„..^ 

= (108) 

Consider first the case p > 4 and assume u;^ < 1. 
Then, since 0„w = $«„w^ > 0, from (|108p we have that 



W{Un)--W' iu„)u„ + -i^n-i0ful-^L0[L0~(j>n] > f ^ - ^ ) (l - t^') 

p p 2 \2 p J ^ ' 

(109) 

Since < 1, from (|109p we deduce that 

W (u„) " ^W' (un) u„ + 7 (0n - t^)^ - ^cj [cj - 0„] ufj do: > Ci |lu„|1^2 



p p 2 

(110) 

where 

'1 1 



Ci= ( - --J (1-c.^) >0 



By (fTOe]) and ITTOl) we get 



1 1 
2 



^) y" (|Vu„|' + |A„-fcV0|'«2) +i y" |VA, 



\' + Ci\\uX^ < 



Then 



1 , 

< C„ {T]n,Un) 

P 

2 1 2 1 

C2 + :5 |lA„|l(pi,2)3 < c„ + - ||?7,i|Ih-i IKtnllifi 

z p 



So we conclude that the sequences | ||un||^i | and ||| A„||^j,i,2)3 1 are bounded. 

Now consider the case p < 4 and assume lj^ < 
By (llOSp . we easily have 

W {Un) - - W (u„) Un + - ((/>„ - Lu f - [w - 0„] > ( siuCC $„„ < 1) 

p p 2 



> 







[a 





1 2 > 2 

- — \ ^ 



2 p 
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Since uP' < ^y^, we have 



Then 



(W (U„) - -W {Un) Un + - (0„ - Ujf < ^LJ [uj - uA > C3 \\uJI, 

(111) 

Arguing as in the first case, by (|106p and (|llip . we again conclude that the 

sequences |||un||//i| and |||A„||^j,i,2-,3| are bounded. 

It remains to prove that m„ is bounded also in H^. 
We have that 

c + 1 > /(u„, A„) 

^IJ |Vu„|' + |VA„|' + |A„ - kVef ul-"^ J[l~ ul + jw (m„) 
>\j |Vu„|' + |VA,/ + |A„ - fcV^l' ul + ul-Ci 

>\j |Vu„|' + |VA„|2 + |A„|2 ul + \k^e\^ ul - 2 |A„| \k^e\ ul + ul- C4 



Also, we have that 
- |A„| ul< [U4k^ |A„|^ + ^)ul = 2k' I |A„|^ «2 , 1 /• 1 .,2 



r ■ ■ " ./ 2 V 4r2 / - .1 H I r 



Then 



<^ll«n|||l+C5 



c + 1 > ^ lk„|||i - i ||u„||^i - C5 - C4 
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Lemma 19 Let the assumptions of Lemma \17\ be satisfied. Then there is a PS 
sequence Un — A„) C V for the functional I such that for n large enough 

\\Un\\l, > C5 > (112) 
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Proof. By Lemma [T7] there is a sequence Un — (wn, A„) C V satisfying 
assumptions (|102p and (|103p with c > 0. Clearly we have 

(|Vu,/ + [|A„ - fcV0|' - (0„ - w)'] u2 + W' (un) u„) da: = (r;„,u„) 

(113) 

where ||77„|| 0. 

By Lemma [T51 the sequence {||wn||jji} is bounded. Then 



|Vu„|' + [|A„ - kWd\^ ~ (0„ ~ ujf^ ul + W (m„) u„) dx^Q (114) 
Moreover, by (HH), ^ and (HH), we get from (fTT^ 
u„||^i + y" |A„ - fcV^l' ul^uj^ J ($„„ - 1)' ul < £„ + , e„ ^ 



Then, since < < 1, we have 



(l - Lli"^) ||w„||^i < £„ + \\Uj, 



(115) 



Clearly, since uj^ < 1, (|112p will be a consequence of (|115p if we show that 



< C3 < \\unfm , C3>0 
We argue by contradiction and assume that (up to a subsequence) 

\\un\\m ^ 

Since {{u„, A„)} is a PS sequence for the functional /, we have 

-A(f>„ - {UJ - (t>n) ul = 0, (j)n = Z{Un) 

-AA„ - {kVe - A„) ul - ?7„ ^ in ((V^^'^f)' 
From these two equations we get 



(116) 

(117) 

(118) 
(119) 



||0„||1,1.2 = j {uJ-4>n) ulcpn (120) 

||A„||^^i,.)3 = / (A„ - kVe) ■ Ar,ul + 5„ (121) 
where ^„ = (ry„, A„) . Since, by Lemma [TH ||| Anil (251,2)3 

} is bounded, we 

<5„ ^ (122) 



have 

From (|120p we have 



||0n||£,l,2 U^(t)„ < LO ||u„|| 1^ ll^nllie < C ||u„|| ||0„||£,l.2 



(123) 
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By ([TT7|) and we deduce 

||0n|l£,l,2 

By (|124p and (|117p we easily have 

(|VW„|' - (0„ - Lof ul + W {Un) U„) ^ 

then by (fTTil) and (fHS)) we get 

j |A„ - fcV^?|' M,', 



Let us show that we have also 



I A, 



"11(1)1.2)3 



Now 



(124) 



(125) 



(126) 



(127) 



(128) 



j iAn~kVe)-Anul < J |A„-fcV0||A„|^ 
< (^J |A„-fcV0|'u2 

Since the sequence |||A„||j.pi_2)3| is bounded, we easily get from pi7p that 

(129) 

By (pg)) and HHD, we deduce that 

J (A„ - kve) ■ Anul -> 



(130) 



By and we get (fT?7)) . 

By ([TT7|) and p24)) we have 



Then, by p3T|l . pT7)l . p27|) and (fT26)) . we deduce that 



(131) 



2 „,2 



/(?/„, A„) = - / |Vu„r + |VA„|^ + |A„-fcV0ru 



+i 1(1 - ^2 [1 _ $„J) ^2 _ 1 p^^^^ ^ 

This contradicts the assumption / (C/„) ^ c > 0. Then (|116p holds. 
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Lemma 20 Let the assumptions of Lemma \17\ be satisfied. Then there is a PS 
sequence Un ~ (u„,A„) for the functional I such that Un Uq = (wo,Ao) 
weakly in x (V^'^Y uq 7^ 

Proof. By Lemma [TOl we can take a PS sequence C/„ = (u„, A„) C V for the 
functional I such that 

IknliiP > C5 > for n large (132) 

By Lemma [T51 the sequence {Un} is bounded in H'^ x [V^^"^) . So we can assume 

that Un Uo weakly in x {V^ Y • If C/o 7^ we have finished. If not we 
will show that there is a sequence of integers j„ such that (up to a subsequence) 

Vn := rj„C/„ -^Uo^O weakly in x {V^-^f. 
We set 

= {(a;i, a;2, 2:3) : j < X3 < j + 1} , j integer 

We have for n large 



2/p 



\ (p-2)/p / s 2/p 

Kin • / \ujn 



< Ce ■ SUp\\Un\\l/^^^-) ■ ||Wn||^l(K3) < (siuCC ||u„||h1(R3) < C7) 

< CeCr sup ||m„||^;|^o.) 

Then, for n large, there exists an integer jn such that 

IKIIi;(n,„)>^:=C^7>0 (133) 

Now set 

("n:A„^ = ?7;^(a;i, a;2, X3) = C/„(a;i,a;2,X3 +jn) = Tj„ (C/n) 

By lemma [TSl the sequence u'n is bounded (M"^) , then (up to a subsequence) 
it converges weakly to uq G i?"'^ (M'^) . We want to show that uq 7^ 0. Now, let 
(fi = (fi {X3) he a. nonnegative, C°°-function whose value is 1 for < X3 < 1 and 
for |a;3| > 2. Then, the sequence ipu'^^ is bounded in iJg (M^ x (—2, 2)), moreover 
ifu'n has cylindrical symmetry. Then, using the compactness result proved in 
[TO] , we have 

^u'n ^ X Strongly in LP{R^ x (-2, 2)) 

On the other hand 

ipu'j^ — s- ipuQ a.e. (134) 
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Then 

ipu'„ ipua strongly in LP{R^ x (-2, 2)) (135) 
Moreover by (|133p 

ll'/'WnllLP(R2x(-2,2)) — ll'"nllLP(Oo) ^ 1 1 II LP (Qj,, ) — C^^^^ ^ (136) 

Then by (fT35l) and p36l) 

II</'Wo|Ilp(r2x(-2,2)) ^ ^7^*'^ > 0. 

Thus we have that uq ^ 0. ■ 

Now we complete the proof Theorem [T] 

By Lemma BUI there is a PS sequence J7„ — (u„,A„) for the functional / 
such that Un ^ Uq = (mo,Ao) weakly in x (T>^'^) and uq ^ 0. We shall 
show that (uo, Z(uo), Ao) is a critical point of J. 

Since (m„, A„) is a PS sequence for / we have for any (v, V) G -ff^ x ^ 

duHun, A^)[v]^0 (137) 



dA/(w„,A„)[V] ^0 (138) 

Then, since the manifold M defined in (1841) is a natural constraint for the 
Palais-Smale sequences (see Theorem [T6|) . for any v,w E C^(M'^\E) and V G 
(Co°°(M3\s))^ we get 

d„J(u„,Z(u„),A„)M -^0 (139) 

d^J{Un,Z(Un),An)[w]^0 (140) 



dAJ(u„,^(u„),A„)[V] ^0 (141) 

Since v,w and V have compact support in M'^\I] and (u„,A„) (ug, Ao) 
weakly in x (P^'^)'^, by standard argument we can take the limit in p39p . 
(|140|) . (|14ip and we get that uq, Z{uo), Aq solve the equations 

duJ(uo,Z{uo),Ao)[v]^0 (142) 

d^J{uQ,Z{uo),Ao)[w]=0 (143) 



dAJ(uo,^(wo),Ao)[V] =0 (144) 

Now by a density and continuity argument the test functions v,w and V 
in HH]), pl5)l and (fHi)) can be taken in H^, V^'^ and (V^'"^)^ respectively 
Then {uq, Z{uo), Aq) is a critical point of J. Therefore, by using Theorem[8l we 
get that Uq, Z{uo),Ao solve (|T3l) . p4)) . p3|) in the sense of distributions in R^. 
Finally, since uq ^ 0, the conclusion follows (see Remark [3]). 



29 



References 



[1] Abrikosov a. a., On the magnetic properties of superconductors of the 
second group, Sov. Phys. JETP 5 (1957), 1174-1182. 

[2] Ambrosetti a, Rabinowitz p., Dual variational methods in the critical 
point theory and applications, J. Funct.Anal.l4 (1973), 349-381. 

[3] Benci v., Fortunato D., Solitary waves of the nonlinear Klein-Gordon 
field equation coupled with the Maxwell equations. Rev. Math. Phys. 14 
(2002), 409-420 

[4] Benci V. Fortunato D., Solitary waves in Abelian Gauge Theories, 
preprint. 

[5] Benci V. Fortunato D., Solitary waves in the Nolinear Wave equation 
and in Gauge Theories, Journal of fixed point theory and Applications, to 
appear. 

[6] Cassani D., Existence and non-existence of solitary waves for the crit- 
ical Klein- Gordon equation coupled with Maxwell's equations, Nonlinear 
Anal.58 (2004), 733-747.. 

[7] D'Aprile T., Mugnai D., Solitary waves for nonlinear Klein-Gordon- 
Maxwell and Schrodinger -Maxwell equations, Proc. of Royal Soc. of Edin- 
burgh, section A Mathematics, 134 (2004), 893-906. 

[8] D'Aprile T., Mugnai D., Non-existence results for the coupled Klein- 
Gordon- Maxwell equations, Advanced NonUnear studies, 4 (2004), 307- 
322. 

[9] D'Avenia p., Pisani L., Nonlinear Klein-Gordon equations coupled with 
Born-Infeld Equations Electronics J. Differential Equations 26, (2002), 
1-13.. 

[10] Esteban M., Lions P.L., A compactness lemma, Nonhnear Analysis, 7 
(1983), 381-385. 

[11] Felsager B., Geometry, particles and fields, Odense University press 1981 

[12] Nielsen H., Olesen P., Vortex-line models for dual strings, Nucl. Phys. 
B 61, (1973), 45-61. 

[13] Ra,iaraman R., Solitons and instantons, North- Holland, Amsterdam 
1989. 

[14] Rubakov v.. Classical theory of Gauge fields, Princeton University press, 
Princeton 2002. 

[15] Struwe M., Variational Methods, Applications to nonlinear partial dif- 
ferential equations and Hamiltonian systems. Springer, New York, Berlin, 
1996. 



30 



Yang Y. , Solitons in Field Theory and Nonlinear Analysis, Springer, New 
York, Berlin, 2000. 



31 



